We consider gauge coupling unification in E 6 F-Theory Grand Unified Theories (GUTs) where E 6 is broken to the Standard Model (SM) gauge group using fluxes. In such models there are two types of exotics that can affect gauge coupling unification, namely matter exotics from the matter curves in the 27 dimensional representation of E 6 and the bulk exotics from the adjoint 78 dimensional representation of E 6 . We explore the conditions required for either the complete or partial removal of bulk exotics from the low energy spectrum. In the latter case we shall show that (miraculously) gauge coupling unification may be possible even if there are bulk exotics at the TeV scale. Indeed in some cases it is necessary for bulk exotics to survive to the TeV scale in order to cancel the effects coming from other TeV scale matter exotics which would by themselves spoil gauge coupling unification. The combination of matter and bulk exotics in these cases can lead to precise gauge coupling unification which would not be possible with either type of exotics considered by themselves. The combination of matter and bulk exotics at the TeV scale represents a unique and striking signature of E 6 F-theory GUTs that can be tested at the LHC. 
Introduction
Recently there has been much interest [1, 2, 3, 4, 5, 6] in formulating Grand Unified Theories (GUTs) within the framework of F-theory (for reviews see [7, 8, 9, 10, 11, 12] ). In this setting, there has been great progress in both global and local model building in the last few years [13] - [58] , where global models focus on the construction of elliptically fibered Calabi-Yau four-folds, and local models deal with the effective field theory where the GUT symmetry is realised on a 7-brane wrapping a 4-dimensional surface S. The so called 'semi-local' approach imposes constraints from requiring that S is embedded into a local Calabi-Yau four-fold, which in practice leads to the presence of a local E 8 singularity [20] . All Yukawa couplings originate from this single point of E 8 enhancement, and we can learn about the matter and couplings of the semi-local theory by decomposing the adjoint of E 8 in terms of representations of the GUT group and the perpendicular gauge group. In terms of the local picture, matter is localised on curves where the GUT brane intersects other 7-branes with extra U(1) symmetries associated to them, with this matter transforming in bi-fundamental representations of the GUT group and the U(1). Yukawa couplings are then induced at points where three matter curves intersect, corresponding to a further enhancement of the gauge group.
A full classification of how E 6 , SO (10) and SU(5) GUT groups arise in the semi-local picture has been presented in [25] , where the homology classes of the matter curves were calculated in each case through the spectral cover formalism. However, as well as matter transforming in the fundamental representation of the GUT group localised on curves on S, in all these cases there will also be bulk matter, coming from the adjoint representation of the GUT group. In the case that the GUT group is broken down to the Standard Model (SM) gauge group by flux, there are topological formulae which dictate the multiplicities of these adjoint states [2] . It was demonstrated in [4] that when the GUT group is SU(5), bulk matter with exotic charges under the SM gauge group can be eliminated from the spectrum provided certain topological properties of the manifold are satisfied. However, the same study pointed out that when the GUT group is SO(10) or higher, some bulk exotics must always be present in the low energy spectrum. As such, in order to give these exotics masses, we can look for the topological requirements for them to appear in vector-like pairs, and then turn on VEVs for suitable singlets. The presence of these bulk states in the spectrum will clearly affect the running of the gauge couplings and their unification, and in [41] it was shown that states descending from the adjoint of SU(5) with exotic SM charges must be completely removed from the spectrum (in the way of [4] ) due to RGE arguments.
In this paper we will consider models where the GUT group is E 6 , and is broken by flux breaking down to the Standard Model gauge group via the sequence of breakings 
In addition we shall consider models where U(1) ψ and U(1) χ are both broken near the GUT scale by the vacuum expectation value (VEV) of some scalar field or where a particular linear combination, under which the right handed neutrinos have no charge, survives down to the TeV scale, namely [59, 60] ,
Unlike in [26] where the E 6 breaking down to SU(5) was assumed to be achieved by Higgs breaking, and only the last step, namely the SU(5) breaking was due to flux breaking, here the entire breaking of E 6 down to the Standard Model gauge group (perhaps also including a surviving U(1) N ) will be achieved in one step by flux breaking. According to the above discussion, this will necessarily involve bulk exotics appearing below the string scale, which will be a principal concern of the present paper. We first focus on the bulk exotics coming from the adjoint 78 dimensional representation of E 6 , and look at how topological properties of the internal manifold restrict the elimination of these exotics from the spectrum, and dictate the numbers of exotics which cannot be removed. These constraints are then translated into topological restrictions, which then determine the multiplicities of vector-like matter. We impose constraints that exotic matter should appear in vector-like pairs and hence can be eliminated from the low energy spectrum by turning on VEVs for appropriate singlet fields. We show that it is possible that all bulk exotic as well as matter exotics could have masses close to the GUT scale leading to an MSSM type theory somewhat below the GUT scale. However, there is the possibility that the bulk exotics from 5s of SU(5) could get TeV scale masses whereas those from 10s could be near the GUT scale, leading to a characteristic spectrum involving TeV vector-like pairs of d c -like and H d -like bulk exotics, with the distinguishing feature that there will always be one more vector pair of H d -like states than d c -like states. Although such bulk exotics would by themselves spoil gauge coupling unification, when combined with matter exotics, corresponding to having complete 27 dimensional representations of E 6 at the TeV scale, gauge coupling unification is restored. We emphasise that, without such bulk exotics, the TeV scale matter exotics would lead to an unacceptable splitting of the couplings, and it is only the combination of TeV scale matter exotics from the 27s plus TeV scale bulk exotics from the 78 which (miraculously) restores gauge coupling unification. The resulting TeV scale matter exotics plus bulk exotics is equivalent to four extra 5 + 5 vector pairs of SU(5), beyond the minimal supersymmetric standard model (MSSM) spectrum. The characteristic prediction of F-theory E 6 GUTs of the matter content of four extra 5 + 5 vector pairs can be tested at the LHC. This may be compared to the equivalent of three extra 5 + 5 vector pairs predicted by the E6SSM [59, 60] .
The layout of the remainder of the paper is as follows. In Section 2 we review the basic issues related to bulk exotics, including topological formulae from [4] , before applying these ideas to the E 6 case, and working out the topological constraints. These constraints are then translated into relations between the multiplicities of bulk exotics which appear in vector-like pairs. Section 3 is concerned with gauge coupling unification, including a renormalisation group equation (RGE) analysis, taking into account the constraints on exotics, and the dependences on the exotic masses of the GUT scale and splitting of the gauge couplings are studied. In Section 4 we discuss E 6 models from F-theory, where the bulk exotics are put into the context of two realistic models given in [25] and [26] . In particular we discuss the possibility that some bulk exotics could survive down to the TeV scale, and show how, together with the matter exotics predicted by these models, they restore gauge coupling unification.
2 Review of issues related to bulk exotics
Formalism and SU(5) example
In F-theory constructions, the appearance of matter is closely related to the topological properties of the internal space. The multiplicities of states are given by specific topological formulae, and therefore are subject to constraints which have to be taken into account. Bulk exotic matter arises from the decomposition of the adjoint of the GUT group G S . When the gauge group G S is broken to a group Γ S by turning on fluxes in a subgroup H S , with G S ⊃ Γ S × H S , the adjoint of G S decomposes into representations
Assuming that S is a del Pezzo surface, the multiplicity of four-dimensional massless fields transforming in a representation τ j of Γ S is given in terms of the Euler characteristic by
where L j is a line bundle transforming in the representation T j of H S , and the topological quantities c 1 (L j ), c 1 (S) are the first Chern classes of L j and S. The multiplicity of the conjugate representation can be found by noting that c 1 (L −1
, leading to the equation
In the case where we are dealing with states which transform in a representation of H S corresponding to a direct product of line bundles so that
Taking for example the exotics coming from the adjoint of SU(5) after hypercharge flux breaking to the Standard Model, we have the decomposition
where the line bundle L 5 6 Y is associated to the hypercharge. This decomposition gives rise to the states (3, 2) − 5 6 and (3, 2) 5 6 which are in exotic representations of the SM gauge group. It has been shown in [41] that the presence of these exotics lower the unification scale to unacceptable values, so we must require that these states are not present in the spectrum. Using Eqs. (6) and (7), and labelling the multiplicities of (3, 2) − 5 6 and (3, 2) 5 6 states by m and m * respectively, we have
If we require there to be only vector-like pairs of bulk exotics in the spectrum, Eq. (10) tells us that the following dot product has to be zero
If we further require the complete elimination of these exotics, then we must demand also that the sum has to be zero, so from Eq. (11), we can see that the line bundle has to satisfy
which is equivalent to the condition for c 1 (L Y ) to correspond to a root of E 8 .
E 6 Bulk Exotics and their SU(5) picture
It has been shown in [4] that bulk exotics coming from the adjoint of the GUT group on S cannot be avoided in the case where the gauge group is SO(10) or higher, and the breaking of the GUT group down to the Standard Model is achieved by flux breaking. If we take the GUT group to be E 6 , the spectrum can be found by decomposing under the E 8 enhancement
The SM can be achieved by turning on fluxes in the U(1)s contained in the following sequence of rank preserving breakings:
In order to discuss the bulk exotics, we must decompose the adjoint of E 6 appearing in Eq. (14) under the breaking pattern of Eq. (15) 
All representations are charged under three U(1)s, and all triplets of U(1) charges can be expressed as a linear combination of the following line bundles
In Table 1 we write down the multiplicities of the exotic states coming from the adjoint of E 6 (where the correct normalisation for the U(1) Y is given by dividing by 6) 
Removing bulk exotics
When breaking the adjoint of a high gauge group there are always representations beyond those of the SM spectrum. These extraneous matter fields may be classified according to their charges in two categories: the ones that carry charges like the SM fields and those which have fractional charges other than those of the SM quarks. It can be seen that the exotics X 3 and X 10 have the same SM quantum numbers as u c , X 2 and X 9 have the same as Q, and X 4 and X 8 the same as e c , with one set of states coming from Eq. (19) and the other coming from Eq. (20) . X 1 has exotic charges under the SM gauge group, and so we wish to remove these states from the spectrum. X 6 and X 7 have the same SM quantum numbers as d c and H d respectively, and if present in the spectrum, we must require that they appear in vector pairs, and get mass via the couplings
Requiring that X 6 and X 7 occur in vector pairs corresponds to imposing the conditions n 6 −n * 6 = n 7 −n * 7 = 0. Using Table 1 , this leads to the following topological constraints
Presence of the X 1 states with exotic SM charges in the spectrum has been shown to lower the unification scale to unacceptable values, so requiring that these states are completely removed imposes the constraints (from Appendix A)
From Eq. (17) and Table 1 along with the decompositions in the SU(5) picture, it can be seen that L 1 corresponds to the hypercharge bundle. As such, Eq. (25) simply corresponds to the normal SU(
If we were to impose that each type of exotic came in vector pairs individually (i.e n i = n * i for i=1,...,10), from Appendix A we would be led to the case of
After imposing Eq. (25), we can see that the only further choices we can make to eliminate some exotics (without getting negative numbers for any multiplicities) is
This ensures that the exotics X 2 and X 9 are completely removed, in addition to X 1 . All other exotics are present in vector pairs in this case, with their multiplicities given by
A more general case
As we have seen, we have two different 10 representations of SU (5), with different charges under U(1) ψ and U(1) χ , and so we can either give masses to the exotics contained in these 10s by couplings of the type
where X 5 is a singlet exotic (corresponding to the 'gluing morphism' of [23] ) coming from the 16 of SO (10), inside the 78 of E 6 . As such, we can more generally impose
It can be seen that all three of these constraints are satisfied by imposing Eq. (23) . As such, with Eqs. (24, 25) also imposed, the multiplicities can be written in terms of the dot products Table 2 : Multiplicities of the E 6 exotics in terms of the topological numbers A, B,C (see text).
The multiplicities are then given in Table 2 where when dealing with the conjugate representations, A changes sign, but B and C keep the same sign. We can now think about different combinations of exotic matter which satisfy these constraints, and consider the effect on gauge coupling unification. The multiplicities of exotic matter are as follows
where we see that everything can be expressed in terms of the parameter γ, given in terms of Chern classes by
It can be seen from Table 2 that requiring n 5 = n * 5 for the singlet X 5 leads us to the case A = 0. As such, all the exotic matter will satisfy n i = n * i , although we will still be able to get masses from both Eqs. (29) and (30) . It is important to note that as everything comes in conjugate pairs, anomalies are always cancelled. We can now work out the contributions to the beta functions due to the exotic matter, and discuss gauge coupling unification. Note that in order to satisfy the requirement that all multiplicities are positive, we must have γ ≥ 4, with the minimal value being taken in the case where the line bundles satisfy the condition c 1 (
Gauge Coupling Unification
In this section, the splitting of the gauge couplings at the GUT scale due to flux will be considered. The eventual goal in the next section will be to study two types of semi-realistic model and include the effects of bulk exotics at various different mass scales. Given the presence of these bulk exotics (plus the matter exotics in each model), the SM gauge couplings will be run up to the GUT scale, and it will be seen how closely they meet, and hence which models are consistent with the GUT scale relations. In particular, it will be found that one MSSM like model will be consistent with GUT scale bulk exotics, and another E6SSM like model will be consistent with some bulk exotics at the TeV scale.
In this section, the effect of the bulk exotics alone on gauge coupling unification is discussed. In E 6 models with flux breaking, we can view the breaking to the SM occurring in three steps. Firstly, a flux along U(1) χ breaks E 6 to SO(10), then a flux along U(1) ψ breaks SO(10) to SU (5), and finally the hypercharge flux breaks SU(5) to the SM. Using Section 4 of [26] , it can be argued that in the E 6 and SO(10) breakings, no relative splitting of the coupling constants occurs but only a constant shift, which at this level is unknown and can be treated as a free parameter of the model. It is only the hypercharge flux which induces a relative splitting between the gauge couplings at the GUT scale, and so we will use the SU(5) relations at the GUT scale from [39] , effectively meaning that the aforementioned free parameter is set to zero. It has been pointed out in [32] that the splitting relations of this type in F-theory are different from those in type IIB, and so we note that our treatment is simply an extrapolation of the type IIB results to F-theory. In this way, we neglect corrections which can be important in the F-theory context, and so are working with an approximate treatment.
The remainder of this section just deals with bulk exotics for simplicity, while other exotics will be included in the analysis in the next section. In essence, the gauge couplings are run from the MSSM values up to the GUT scale, and assuming bulk exotics at a mass scale M X , constraints on the GUT scale and splitting of the couplings at this scale are studied. This will provide the groundwork for the next chapter, where matter exotics will be considered in the spectrum as well (in the context of realistic models), and it will be seen which combinations of matter and bulk exotics are compatible with the constraints.
The effect of bulk exotics at a single mass scale M X
It has been shown in [39] that in the context of an SU(5) GUT, the splitting at M GUT due to hypercharge flux is
where
associated with a non-trivial line bundle L a and S = e −φ + iC 0 the axion-dilaton field. It is argued in [26] that the U(1) ψ and U(1) χ fluxes don't lead to any relative splittings of the gauge couplings at unification, although there could be a constant shift in all the couplings at each breaking. This constant will be a free parameter of the model, and for simplicity we will set it to zero here. As such, Eq. (35) can be used in the case of interest, and combining the three equations shows that the gauge couplings at M GUT are found to satisfy the relation
If we assume that the bulk exotics all decouple at a single mass scale M X , the low energy values of the gauge couplings are given by the evolution equations
where b x a are the beta functions above the scale M X , and b a are the beta functions below this scale, i.e. those of the MSSM.
Combining Eqs. (36) and (37) leads to the relation for the GUT scale
where A is a function of the experimentally known low energy values of the SM gauge coupling constants
Here use has been made of the relations α Y = α e /(1 − sin 2 θ W ) and α 2 = α e / sin 2 θ W . We have also introduced the ratio ρ
where β , β x are the beta-function combinations in the regions M Z < µ < M X and M X < µ < M GUT respectively
Recall now the beta-function coefficients (
where n h,L,... counts the number of Higgses and exotic matter. Below M X we have only the MSSM spectrum, thus n G = 3, n h = 2 and all extra matter contributions are zero, n i = 0, thus
Ignoring possible matter curve exotics for now and just focusing on the bulk exotics, above M X we have the extra matter given in Eq. (33) in addition to the two Higgses of the MSSM, giving for the beta functions
As such, we can see that the beta function combination β x doesn't depend on the parameter γ and so the choice of this parameter will not affect the unification scale. Putting the numbers into Eq. (38) gives There are a number of points associated with the above equations that we would like to clarify. Firstly we emphasise that Eq. (35) 
The dependence of x on the bulk exotic mass scale M X is shown in Figure 1 . It can be seen that the splitting of the gauge couplings at the unification scale doesn't depend on the parameter γ. It should also be noted that as x is given by x = − 1 2 ReS c 2 1 (L Y ) with S = e −φ + iC 0 , it must take a value between 0 and 1. 4 E 6 Models from F-theory
Matter exotics only
We start by looking at the class of models proposed in [25] , which were motivated by the fact that any model involving complete 27s of E 6 , with no matter coming from the adjoint 78 representation, automatically satisfies anomaly cancellation involving most of the extra U(1)s. 4 Table 3 shows the model building freedom we have in choosing the M and N integers specifying the flux breaking, and how these choices determine the Standard Model particle content of the model. Here we make the same choices for the Ms and Ns as in [25] and these choices are summarised in Table 3 . Although the SM particle content is equivalent to having three complete 27s, it is clear that the particles are originating from incomplete multiplets of several different 27s. The U(1) N charges of all the particles in the spectrum can be computed, and the results are shown in Table 3 . As required, the right handed neutrinos have zero charge under U(1) N . In Table 3 , arbitrary numbers of singlets are allowed in the spectrum for now, so that we can calculate the restrictions on these numbers later on. The final column of Table 3 shows the low energy spectrum of the E6SSM obtained by eliminating the required exotics from the previous column, which shows the SM particle content after flux breaking. By comparing the final two columns of Table 3 , we can see that the matter exotics which we wish to remove are the vector pairs 2(L + L), Q + Q, 2(u c + u c ), d c + d c and H d + H d . Large masses will be generated for these fields through their coupling to SM singlet fields which acquire large VEVs.
From the E 6 point of view, the only E 6 allowed trilinear term in the superpotential is 27 t 1 27 t 1 27 t 3 . The vectorlike pairs which we wish to remove from the low energy particle content are those which have components in both the 27 t 1 and 27 t 3 multiplets. As such, they are removed by introducing θ 31 , an E 6 singlet, with couplings:
If θ 31 gets a large VEV these vector states get large masses as required. The difference between this case and model 1 [25] is that in model 1, θ 34 also gets a large VEV. This singlet has the following couplings
In the E6SSM, these matter exotics are light, and so instead of getting a large VEV, this singlet now must acquire a TeV scale VEV. It was checked that the F and D-flatness constraints are satisfied, and that rapid proton decay is forbidden for the realisation of the spectrum [25] . Clearly the matter exotics In model 2 ("E6SSM"):
The main difference between the two models is clearly that in model 1 the θ 34 matter exotics are computed to be almost as heavy as the θ 31 exotics, whereas in model 2 the θ 34 matter exotics are kept light, getting TeV scale masses. We see that model 1 reproduces the MSSM somewhat below the GUT scale since only the MSSM spectrum survives below M θ 34 , whereas model 2 corresponds to the so called E6SSM above the TeV scale (or NMSSM+ if the U(1) N gauge group is broken at high energy). However strictly speaking the spectrum of model 2 is not quite that of the E6SSM since it only contains the matter content of three 27 dimensional representations of E 6 and does not contain the extra vector-like matter usually denoted as H and H which is required for gauge coupling unification. As we shall see shortly, the role of the extra H and H will be played by bulk exotics.
The complete spectra of potential models
In the previous section, we have reviewed the spectra of the models presented in [25] and [26] . In order to include bulk exotics into these cases, we can note from Eq. (33) that taking the minimal case of γ = 4 leads to the following vector pairs of bulk exotics, which have to be added to the spectrum of any chosen model:
The question now remains as to what masses these vector-like exotics acquire. Those exotics which originate from 5 representations at the SU(5) level become massive through the couplings in Eq. (22) . The same singlets which appear in this equation and acquire VEVs can also give mass to the bulk exotics from 10s of SU (5), through Eq. (29) . However, the 10-like exotics can also get masses through the coupling in Eq. (30) . This gives three distinct possibilities for the masses of the bulk exotics: (i) all can get masses at the GUT scale, (ii) all can get TeV scale masses, or (iii) the 5-like exotics could acquire TeV scale masses, while the 10-like ones could acquire GUT scale masses through the coupling of Eq. (30) . All of these possibilities will be discussed in the context of different models in this section.
It should be noted that in terms of anomaly cancellation, we will end up with two cases: one where we have the MSSM at the TeV scale and all exotics near the GUT scale, and one where we have the E6SSM and some extra vector pairs of bulk exotics at the TeV scale, and everything else at the GUT scale. Clearly the MSSM case is anomaly free at the TeV scale and so we simply must check that anomalies are cancelled by the spectrum as a whole. Not including the bulk exotics for now, Appendix C shows that all anomalies are cancelled apart from a U(1) Y ×U (1) 2 ⊥ anomaly. However, this anomaly only exists in the small region of energy between the θ 31 VEV and the GUT scale, and due to the errors in our energy scale estimates, this shouldn't be a problem. In the E6SSM case, clearly the whole spectrum suffers the same issue as the first case, and so we must just check the TeV spectrum. Clearly, if we just had the low energy matter of the E6SSM we would be free from anomalies due to the presence of complete 27s of E6. As such, it is only the bulk exotics at the TeV scale which could possibly spoil this fact. However, these bulk exotics come in vector pairs and so they come with a built in minus sign between the D abc anomaly coefficients, thereby cancelling all anomalies at the TeV scale. It should also be noted that [32] points out that anomaly cancellation constraints can be relaxed in the case of geometrically massive U(1)s in F-theory.
High scale bulk exotics
The above analysis does not so far include the effect of bulk exotics. However, as we have seen earlier in the paper, such bulk exotics are an inevitable consequence of the flux breaking of E 6 . As remarked above, such additional bulk exotics at the TeV scale, not included in the spectrum so far, are able to provide the extra vector-like matter to enable gauge unification to be achieved for the E6SSM. However the resulting spectrum will differ somewhat from that of the E6SSM, providing a distinctive experimental signature and providing a smoking gun test of the F-theory model at the LHC.
In both the above models, the beta function combination given in Eq. (42) is given by β = 12 (the MSSM value) in all of the regions M Z < µ < M θ 34 and M θ 34 < µ < M θ 31 and M θ 31 < µ < M GUT . As such, assuming that the bulk exotics get masses M X , somewhere between M θ 31 and M GUT , we will have an equation analogous to Eq. (38)
where in the same way as for Eq. (38) , ρ = η = λ = For model 1 (MSSM) the one loop running of the couplings is shown in Figure 2 . This takes into account the modification of the beta functions due to the bulk exotics above the scale M X = M θ 31 . In this case the couplings are split by 2% (compared to 1.3% when the bulk exotics are not taken into account), and it can be seen that the effect of bulk exotics near the GUT scale on the splitting of the gauge couplings is small (0.5 − 1% depending on the model).
For model 2 (E6SSM) the splitting is 35% (compared to 34.5% in the case with no bulk exotics), which would correspond to x ∼ 5. This is shown in Figure 3 . As pointed out before, x must take a value between 0 and 1 and so model 2 must be ruled out in the case where the bulk exotics get masses near the GUT scale.
Low scale bulk exotics
We have seen that as long as the bulk exotics get masses close to the GUT scale, the GUT scale is not lowered drastically. However, due to the fact that the bulk exotic spectrum ensures anomaly cancellation, the gauge groups U(1) χ and U(1) ψ and the bulk exotics could in principle survive to the TeV scale. We will now look at this possibility that at least some of the bulk exotics are light. From Eqs. (43, 44, 45) we have β = 12 + n u c + n e c − 2n Q δ β = δ n u c + δ n e c − 2δ n Q (53) where δ β = β x − β is the difference in β as we move a higher energy scale where a number of exotics (δ n u c , δ n e c and δ n Q ) join with the massless spectrum. In models 1 and 2 there is no exotic e c type matter and the only Q and u c exotics get the same mass, near the GUT scale. In both models, there is twice as much u c -like exotic matter as there is Q-like, and so δ β = 0 when we don't take into account contributions from the bulk exotics. For the bulk exotics, Eq. (33) gives
Previously, we looked at the case where M X ≥ M and we found that the GUT scale is slightly lowered.
If we now consider the case where M X ≤ M θ 34 , Eq. (52) gets modified to
Again, we end up with Eq. (47) for the GUT scale, with the bulk exotic mass (the mass of those coming from a 10 of SU (5) if we allow the 5s and 10s to get different masses) being the only exotic mass entering the equation. As such, apart from the possibility that all bulk exotics get masses near the GUT scale (as previously discussed), we have two other possibilities:
• All bulk exotics at the TeV scale: In this case Eq. (55) tells us that M GUT ∼ 1 × 10 11 GeV. It may seem at first sight that such a low unification scale would lead to dangerous dimension 6 operators giving proton decay rates which are much faster than experimentally observed. However, in [49] a method has been pointed out for suppressing proton-decay in F-theory SU(5) with hypercharge flux breaking. The idea is that since the dangerous operators involve the SU(5) gauge bosons X,Y in trilinear couplings such as XQu c , a computation would consist of firstly computing the trilinear coupling by using the wavefunction overlap techniques of eg. [29] , and then integrating out X,Y. The key is that the SU(5) gauge bosons need not be localised on a matter curve, but can be spread out over S. As such, these fields feel the effect of hypercharge flux in a different way to those on matter curves, and this gives rise to a suppression of the integral. This way, we can in principle avoid rapid proton decay, even with a seemingly low unification scale. Even though this is the case, when all the bulk exotics are at the TeV scale the splitting of the gauge couplings is large, and x > 1. As such, this possibility must be ruled out and we must look at the next case.
• Bulk exotics from 10s heavy, but those from 5s light: As the singlets S and S which give the 5 state mass through Eq. (22) can also give the 10s mass through Eq. (29), we reject the possibility of heavy 5s and light 10s. However, since the 10s can get mass from a different singlet in Eq. (30), it would seem that there is a possibility of giving this singlet a much bigger VEV, and keeping the 10s heavy whilst the 5s could be TeV exotics. If this was the case, we would once again have M GUT ∼ 2 × 10 16 GeV due to the fact that the 5s don't contribute to δ β of Eq. (53) . If the splitting parameter x is calculated for this case with the spectrum of model 1, it turns out to be negative so again we must rule this case out. This means that for model 1, high energy bulk exotics are the only possibility, but on the contrary we will see that for model 2 these low energy bulk exotics are the only possibility. As pointed out previously, model 2 which has TeV scale exotics in it's spectrum cannot be compatible with bulk exotics with masses close to the GUT scale, as x > 1 which is forbidden. However, if we have the bulk exotics which belong to 5s of SU (5) at the TeV scale as described above, it turns out that the multiplicities of exotic states forced upon us by topological constraints make the couplings unify. If we take the mass of the exotics from 10s to be M GUT , we find x ∼ 0.01, corresponding to a splitting of approximately 0.2%. This effect is illustrated in Figure 4 , which shows how the low energy bulk exotics are precisely what is needed to make the couplings unify. In addition to the 3( In the presence of large VEVs for X 5 and X 5 , the F and D flatness equations of [26] must be modified accordingly. It is shown in Appendix B that there is a solution to the flatness relations for this model where X 5 and X 5 get large VEVs without giving rise to dangerous operators. In this section we have taken X = M GUT for simplicity and to illustrate it's effects.
Conclusions
We have considered gauge coupling unification in E 6 F-Theory Grand Unified Theories (GUTs) where E 6 is broken to the Standard Model (SM) gauge group using fluxes. In such models there are two types of exotics that can affect gauge coupling unification, namely matter exotics from the matter curves in the 27 dimensional representation of E 6 and the bulk exotics from the adjoint 78 dimensional representation of E 6 . The matter exotics have been considered previously in [25, 26] where two models were considered which we called model 1 (MSSM) and model 2 (E6SSM), which only differ by the mass scale of the matter exotics. In particular model 2 (E6SSM) involves TeV scale matter exotics, equivalent to having complete 27 dimensional representations at the TeV scale, and is inconsistent with gauge coupling unification.
We have mainly focussed on the question of bulk exotics arising from the flux breaking of E 6 , which have not previously been considered in the literature. We have explored the conditions required for either the complete or partial removal of bulk exotics from the low energy spectrum. In particular we have examined the conditions for the removal from the low energy spectrum of bulk exotic matter from the adjoint of E 6 in terms of topological properties of the manifold. These conditions led to the fact that all vector-like pairs come in multiplicities which depend on one topological parameter, γ. We studied how the bulk exotics affect the one loop RGE anaylsis, and it was shown that both the GUT scale and the splitting of the gauge couplings depend on the mass of the exotics, but not on γ, meaning that the results are general for any E 6 F-theory model using fluxes to break the GUT group.
We then considered the effect of the necessary bulk exotics on gauge coupling unification. For the case of high scale bulk exotics at a single mass scale M X , where we assumed them to be the only type of exotics present, we found that the requirement that they do not lead to an unacceptable splitting of gauge couplings led to the bound M X ≥ 2 × 10 15 GeV. We also found that having bulk exotics also led to a lowering of the GUT scale down to about M X ≥ 8 × 10 15 GeV for the case where the bound is saturated, M X = 2 × 10 15 GeV.
Finally we considered the effect of bulk exotics on the realistic E 6 models where also matter exotics are present. For model 1 (MSSM) with high scale bulk exotics we found that unification is maintained with M GUT being lowered slightly (< 15%), and the splitting of the gauge couplings increased by less than 1%. Model 2 (E6SSM), which involves TeV scale matter exotics, is not much affected by the high scale bulk exotics and it still fails to provide gauge coupling unification. However for the case of low scale bulk exotics the picture changes dramatically.
We considered the possibility that the bulk exotics from 5s of SU(5) could get TeV scale masses whereas those from 10s could be near the GUT scale due to a large VEV for a singlet charged under U(1) ψ and U(1) χ , and showed that this possibility is consistent with the F and D flatness conditions. The TeV scale bulk exotics then consist of vector-like pairs of d c -like and H d -like exotics, with the distinguishing feature that there will always be one more vector pair of H d states than d c s. In the case of model 2 (E6SSM), we found the elegant result that such bulk exotics combine with the TeV scale matter exotics to ensure almost perfect gauge coupling unification.
In summary, in E 6 models broken by flux, while it is possible that all bulk exotics as well as matter exotics could have masses close to the GUT scale leading to acceptable gauge coupling unification with an MSSM type theory somewhat below the GUT scale, it is equally likely to have TeV scale exotics in such models. We have discussed a remarkable possibility, namely model 2 (E6SSM) where the matter exotics correspond to having complete 27 dimensional representations of E 6 at the TeV scale, in which gauge coupling unification would fail badly without the presence of bulk exotics. However including bulk exotics from the 5s of SU (5) at the TeV scale, with those from the 10s near the GUT scale, restores gauge unification for this model. We find this result remarkable, indeed almost miraculous, since the origin of the matter and bulk exotics is apparently quite different in F-theory.
We emphasise that, without such bulk exotics, the TeV scale matter exotics of model 2 (E6SSM) would lead to an unacceptable splitting of the couplings, and it is only the combination of TeV scale matter exotics from the 27s plus TeV scale bulk exotics from the 78 which restores gauge coupling unification. The resulting TeV scale matter exotics plus bulk exotics is equivalent to having four extra 5+5 vector pairs of SU(5), beyond the minimal supersymmetric standard model (MSSM) spectrum. This may be compared to the equivalent of three extra 5 + 5 vector pairs predicted by the E6SSM [59, 60] . Clearly the discovery of such exotics at the LHC would provide evidence for E 6 F-theory GUTs broken by flux.
A Topological relations arising from the elimination of bulk exotics
The requirement that each type of exotic matter occurs in vector pairs is given by n j − n * j = 0. The extra requirement which would mean that this type of exotic is completely eliminated from the spectrum is n j + n * j = 0. There requirements are given here for each type of exotic. Note that all of these relations can't be satisfied at once, and are written here on the assumption that a subset of them will be satisfied.
B F and D flatness conditions
In the language of Table 3 , the singlets X 5 and X 5 correspond to θ 45 and θ 54 respectfully. As these singlets get GUT scale VEVs in the E6SSM model, we must check that this is compatible with the Fand D-flatness conditions. The D-flatness condition for
This condition must be checked for all the U(1)s, the charge generators of which are given in the form Q = diag[t 1 ,t 2 ,t 3 ,t 4 ,t 5 ] by 
C Anomaly Cancellation
It has been noted in [31] that in models with multiple perpendicular U(1) symmetries, there is a U(1) Y − U(1) ⊥ − U(1) ⊥ anomaly which is not automatically cancelled through the spectral cover approach. In order for this anomaly to be cancelled, the following condition is required: 
As such, we can tabulate the U(1) charges of all the 5 and 10 matter curves in model 2. The bulk exotics are not included in this table, as anomalies are automatically cancelled by the bulk spectrum. As they come from a 78 of E 6 , they are uncharged under U(1) ⊥ , and so anomalies involving this U(1) are zero. Also, as they always occur in vector pairs, the U(1) χ and U(1) ψ anomalies are also cancelled. Without the bulk states, the charges are shown in Table 5 . 82) is not satisfied, meaning that the anomalies involving U(1) ⊥ are not cancelled. This U(1) ⊥ , however, is broken by the θ 31 VEV, so there are no problems below this scale. Also, we know that all anomalies are automatically cancelled above the GUT scale so there is only a problem in the gap in energy between the GUT scale and θ 31 VEV.
As we have θ 31 ≈ 1.5 × 10 16 GeV and M GUT ≈ 2 × 10 16 GeV , the ratio of the GUT scale to the U(1) ⊥ breaking scale is only a factor of 1.5 and we do not regard anomalies in such a small energy interval as being problematic, especially bearing in mind the error in our energy scale estimates.
